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ON A NEW CLASS OF SYSTEMS OF GENERALIZED
QUASY-VARIATIONAL INEQUALITIES
MONICA PATRICHE
Abstract: We introduce new types of systems of generalized quasi-variational
inequalities and we prove the existence of the solutions by using results of pair
equilibrium existence for free abstract economies. We consider the fuzzy models and
we also introduce the random free abstract economy and the random equilibrium
pair. The existence of the solutions for the systems of quasi-variational inequalities
comes as consequences of the existence of equilibrium pairs for the considered free
abstract economies.
Keywords: system of generalized quasi-variational inequalities, free abstract
economies, fuzzy games, random equilibria, random variational inequalities.
1. Introduction
Variational inequality theory proved to be a powerful tool used to formulate a
variety of equilibrium problems concerning the traffic network, the spatial price, the
oligopolistic market, the financial domain or the migration. It also concerns the
qualitative analysis of the problems in terms of existence and uniqueness of solu-
tions, stability and sensitivity analysis and it provides algorithms for computational
purposes. Systems of non-linear equations, optimization problems, complementar-
ity problems, fixed point theorems are contained as special cases of variational
inequality theory. Hartman and Stampacchia (1966) introduced this domain as
a tool for the study of partial differential equations with applications principally
drawn from mechanics. Since then, the theory of variational inequalities has been
developing very fast. New results have been obtained, for instance, in [2]-[4], [6], [9],
[11], [13], [25]. The connection with the (deterministic or random) abstract econ-
omy models has been intensively approached in [26]. Variants of abstract economy
model (or generalized game) have been defined by Shafer and Sonnenschein [20]
or Yannelis and Prahbakar [24]. In [8] Kim and Lee defined the free abstract
economy and they also proved existence theorems of best proximity pairs and equi-
librium pairs which generalize the previous results due to Srinivasan and Veeramani
[21],[22], Sehgal and Singh [19] or Reich [18]. Kim [7] also obtained generalizations
of the theorems from [8].
In this paper, we introduce new systems of generalized quasi-variational inequal-
ities and we prove the existence of the solutions by using results of pair equilibrium
existence for free abstract economies. We also propose a fuzzy approach of this
topic and we obtain results concerning the existence of solutions for the random
systems of generalized quasi-variational inequalities.
The paper is organized in the following way: Section 2 contains preliminaries
and notation. New types of systems of generalized quasi-variational inequalities
are introduced in Section 3. The main results are stated in Section 4. In Section
1
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5 a fuzzy approach of the topic is proposed. Finally, the systems of random quasi-
variational inequalities are studied in Section 6. A random fixed point theorem is
obtained as a corollary.
2. Preliminaries and notation
2.1. Definitions and notation. Throughout this paper, we shall use the following
notation and definitions:
Let A be a subset of a topological spaceX . 2A denotes the family of all subsets of
A. clA denotes the closure of A in X . If A is a subset of a vector space, coA denotes
the convex hull of A. If F , T : A→ 2X are correspondences, then coT , clT , T ∩ F
: A→ 2X are correspondences defined by (coT )(x) =coT (x), (clT )(x) =clT (x) and
(T ∩ F )(x) = T (x) ∩ F (x) for each x ∈ A, respectively. The graph of T : X → 2Y
is the set Gr(T ) = {(x, y) ∈ X × Y | y ∈ T (x)}.
Notation 1. Let X and Y be two nonempty sets. We denote by F(Y ) the collection
of fuzzy sets on Y . A mapping from X into F(Y ) is called a fuzzy mapping. If
F : X → F(Y ) is a fuzzy mapping, then for each x ∈ X, F (x) (denoted by Fx in
this sequel) is a fuzzy set in F(Y ) and Fx(y) is the degree of membership of point
y in Fx.
Let E and F be two Hausdorff topological vector spaces and X ⊂ E, Y ⊂ F be
two nonempty convex subsets. A fuzzy mapping F : X → F(Y ) is called convex, if
for each x ∈ X, the fuzzy set Fx on Y is a fuzzy convex set, i.e., for any y1, y2 ∈ Y,
t ∈ [0, 1], Fx(ty1 + (1− t)y2) ≥ min{Fx(y1), Fx(y2)}.
In the sequel, we denote by
(A)a = {y ∈ Y : A(y) ≥ a}, a ∈ [0, 1] the a-cut set of A ∈ F(Y ).
2.2. Continuity of correspondences. In this subsection we remind several no-
tions concerning the continuity of the correspondences defined on topological spaces.
The motivation for our presentation is the fact that the correspondences are the
main mathematical objects which define the notions from the main results concern-
ing the free abstract economies and variational inequalities.
Definition 1. Let X, Y be topological spaces and T : X → 2Y be a correspondence
(1) T is said to be upper semicontinuous if for each x ∈ X and each open set V
in Y with T (x) ⊂ V , there exists an open neighborhood U of x in X such
that T (x) ⊂ V for each y ∈ U .
(2) T is said to be lower semicontinuous (shortly l.s.c) if for each x∈ X and
each open set V in Y with T (x)∩V 6= ∅, there exists an open neighborhood
U of x in X such that T (y) ∩ V 6= ∅ for each y ∈ U .
(3) T is said to have open lower sections if T−1(y) := {x ∈ X : y ∈ T (x)} is
open in X for each y ∈ Y.
(4) The correspondence T is defined by T (x) = {y ∈ Y : (x, y) ∈clX×YGr(T )}
(the set clX×YGr(T ) is called the adherence of the graph of T). It is easy
to see that clT (x) ⊂ T (x) for each x ∈ X.
The following lemma helps us to construct new correspondences having different
properties of continuity.
Lemma 1. (see [26])Let X and Y be two topological spaces.
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Suppose T1 : X → 2Y , T2 : X → 2Y are upper semicontinuous(resp. lower
semicontinuous) such that T2(x) ⊂ T1(x) for all x ∈ A, where A is an open (resp.
closed) subset of X. Then the correspondence T : X → 2Y defined by
T (x) =
{
T1(x), if x /∈ A,
T2(x), if x ∈ A
is also upper semicontinuous (resp. lower semicontinuous).
Definition 2. Let X, Y be topological spaces and T : X → 2Y be a correspondence.
An element x ∈ X is named maximal element for T if T (x) = Φ.
Let I be an index set. For each i ∈ I, let Xi be a nonempty subset of a topological
space Ei and Ti : X :=
∏
i∈I
Xi → 2Yi a correspondence. Then a point x ∈ X is
called a maximal element for the family of correspondences {Ti}i∈I if Ti(x) = ∅
for all i ∈ I.
The family (Xi, Ti)i∈I is called a qualitative game.
The abstract economies are extensions of the qualitative games. We present the
definition below.
Definition 3. A generalized abstract economy (or generalized game) Γ is defined
as a family (Xi, Ai, Pi)i∈I where Ai : X → 2Xi is a constraint correspondence and
Pi : X → 2Xi is a preference correspondence.
Definition 4. An equilibrium for Γ is a point x∗ ∈ X such that for each i ∈ I,
x∗i ∈ Ai(x
∗) and Pi(x
∗) ∩ Ai(x∗) = ∅.
Theorem 1 is a maximal element theorem for upper semicontinuous correspon-
dences. We will use it in order to prove the theorems concerning the existence of
equilibrium pairs for the abstract economies.
Theorem 1. (X. P. Ding, [5]) Let X be a nonempty subset of a locally convex
Hausdorff topological vector space and D a nonempty, compact subset of X. Let T
: X → 2D be an upper semicontinuous correspondence such that for each x ∈ X,
x /∈clcoT (x). Then there exists x∗ ∈coD such that T (x∗) = ∅.
Theorem 2 is an existence theorem for maximal elements that is Theorem 7 in
[23].
Theorem 2. (see [23]) Let Γ = (Xi, Ti)i∈I be a qualitative game where I is an
index set such that for each i ∈ I, the following conditions hold:
1) Xi is a nonempty convex compact metrizable subset of a Hausdorff locally
convex topological vector space E and X :=
∏
i∈I
Xi,
2) Ti : X → 2Xi is lower semi-continuous;
4) for each x ∈ X, xi /∈clcoTi(x);
Then there exists a point x∗ ∈ X such that Ti(x∗) = ∅ for all i ∈ I, i.e. x∗ is a
maximal element of Γ.
The maximal element theorems can be consequences of the equilibrium theorems,
as it can be seen in the following situation.
We proved in [16] the next equilibrium theorem.
Theorem 3. Let Γ = (Xi, Ai, Pi, Bi)i∈I be an abstract economy, where I is a
(possibly uncountable) set of agents such that for each i ∈ I :
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(1) Xi is a non-empty convex set in a Hausdorff locally convex space Ei, X :=∏
i∈I
Xi is paracompact and Di is a non-empty, convex, compact subset of Xi;
(2) Bi is lower semicontinuous with non-empty convex values and for each
x ∈ X , Ai(x) 6= ∅, Ai(x) ⊂ Bi(x) and clBi(x) ∩Di 6= ∅;
(3) the correspondence Ai ∩Pi : X → 2
Di is lower semi-continuous;
(4) for each x ∈ X, xi /∈ (coAi ∩ coPi)(x).
Then there exists an equilibrium point x∗ ∈ D for Γ, i.e., for each i ∈ I,
x∗i ∈ Bi(x
∗) and Ai(x
∗) ∩ Pi(x∗) = ∅.
Theorem 4 is an existence theorem for maximal elements that is a consequence
of Theorem 3.
Theorem 4. Let Γ = (Xi, Ti)i∈I be a qualitative game where I is an index set such
that for each i ∈ I, the following conditions hold:
1) Xi is a nonempty convex compact subset of a Hausdorff locally convex topo-
logical vector space E and X :=
∏
i∈I
Xi,
2) Ti : X → 2Xi is lower semi-continuous;
3) for each x ∈ X, xi /∈coT i(x)
Then there exists a point x∗ ∈ X such that Ti(x∗) = ∅ for all i ∈ I, i.e. x∗ is a
maximal element of Γ.
2.3. Best proximity pairs of correspondences. This subsection traits the prob-
lem of existence of best proximity pairs for correspondences defined on normed lin-
ear spaces. The best proximity pair theorems analyze the conditions under which
the problem of minimizing the real-valued function x→ d(x, T (x)) has a solution.
Firstly, we present the following notation.
Notation 2. Let X and Y be any two subsets of a normed space E with a norm
‖ · ‖, and the metric d(x, y) is induced by the norm. Then, we now recall the
following notation:
Prox(X,Y ) := {(x, y) ∈ X×Y : d(x, y) = d(X,Y ) =inf{d(x, y) : x ∈ X, y ∈ Y }};
X0 := {x ∈ X : d(x, y) = d(X,Y ) for some y ∈ Y };
Y0 := {y ∈ Y : d(x, y) = d(X,Y ) for some x ∈ X}.
If X and Y are non-empty compact and convex subsets of a normed linear space,
then it is easy to see that X0 and Y0 are both non-empty compact and convex.
Let I be a finite (or an infinite) index set. For each i ∈ I, let X and Yi be a
nonempty subsets of a normed space E with a norm ‖ · ‖, and the metric d(x, y) is
induced by the norm. Then, we can use the following notation: for each i ∈ I,
X0 := {x ∈ X : for each i ∈ I, ∃ yi ∈ Yi such that d(x, yi) = d(X,Yi) =inf{d(x, y) :
x ∈ X, y ∈ Yi}};
Y 0i := {y ∈ Yi : there exists x ∈ X such that d(x, y) = d(X,Yi)}.
When | I |= 1, it is easy to see that X0 = X
0 and Y0 = Y
0
i .
To prove our equilibrium theorems we need the following results.
Definition 5. (see [8])Let X and Y be two non-empty subsets of a normed linear
space E, and let T : X → 2Y be a correspondence. Then the pair (x ∗, T (x ∗) is
called the best proximity pair [8] for T if d(x ∗, T (x ∗)) = d(x ∗, y∗) = d(X,Y ) for
some y∗ ∈ T (x ∗).
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The best proximity pair theorem seeks an appropriate solution which is optimal.
W. K. Kim and K. H. Lee [8] gave the following result of existence of best
proximity pairs. This theorem is widely used in order to prove the existence of the
equilibrium pairs for the free abstract economies, and then, the existence of the
solutions for systems of variational quasi-inequalities.
Theorem 5. (see [8])For each i ∈ I = {1, ...n}, let X and Y be non-empty compact
and convex subsets of a normed linear space E, and let Ti : X → 2Yi be an up-
per semicontinuous correspondence in X0 such that Ti (x) is nonempty closed and
convex subset of Yi for each x ∈ X. Assume that Ti (x) ∩ Y 0i 6= ∅ for each x ∈ X
0.
Then there exists a system of best proximity pairs {x ∗} × Ti (x ∗) ⊆ X × Yi, i.e.,
for each i ∈ I, d(x ∗, Ti (x ∗)) = d(X,Yi).
Definition 6. (see [8]). The set Ax = {y ∈ Y : y ∈ A(x) and d(x, y) = d(X,Y )}
is named the best proximity set of the correspondence A : X → 2Y at x.
In general, Ax might be an empty set. If (x,A(x)) is a proximity pair for A and
A(x) is compact, then Ax must be non-empty.
3. New types of systems of generalized quasi-variational inequalities
In this section, we introduce some new types of system of generalized quasi-
variational inequalities.
Let I be a finite set. For each i ∈ I, let X and Yi be non-empty compact
and convex subsets of a normed linear space E, E′ be the dual space of E, let
Ai : X → 2Yi , Bi : Yi → 2E
′
be correspondences and ψi : Y ×Yi → R∪{−∞,+∞}.
We associate with Ai and Gi the next generalized quasi-variational problems:
(1) Find the pair (x∗, y∗) = (x∗, (y∗i )i∈I) ∈ X ×
∏
i∈I Yi such that:
i)y∗i ∈ Ai(x);
ii)d(x∗, y∗i ) = d(X,Yi);
iii)supzi∈Ai(x∗) ψi(y
∗, zi) ≤ 0.
If we consider a particular function ψi, we have the following problem:
(2) Find the pair (x∗, y∗) = (x∗, (y∗i )i∈I) ∈ X ×
∏
i∈I Yi such that:
i) y∗i ∈ Ai(x
∗);
ii) d(x∗, y∗i ) = d(X,Yi);
iii) supzi∈Ai(x∗) supv∈Gi(y∗i )Re〈v, y
∗
i − zi〉 ≤ 0;
where the real part of pairing between E′ and E is denoted by Re〈v, x〉 for each
v ∈ E and x ∈ E.
These systems of generalized quasi-variational inequalities generalize that ones
studied, for instance, by Yuan in [26].
We will also work in the fuzziness framework.
Let I be a nonempty set. For each i ∈ I, let Xi and Yi be non-empty subsets
of a normed linear space E. Define X :=
∏
i∈I
Xi; let Ai : X → F(Yi) be a fuzzy
correspondence, Pi : Y :=
∏
i∈I
Yi → F(Yi) a fuzzy mapping and ai : X → (0, 1] a
fuzzy function. We consider that Xi and Yi are non-empty subsets of a normed
linear space E.
Let Gi : Yi → 2
E′i be a correspondence and ψi : Y × Yi → R ∪ {−∞,+∞}.
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Whenever Xi = X for each i ∈ I, for the simplicity, we may assume Ai : X →
F(Yi) instead of Ai :
∏
i∈I
Xi → F(Yi).
Now, we are introducing the next type of system of quasi-variational inequalities:
(3) Find the pair (x∗, y∗) ∈ X × Y such that for every i ∈ I:
i) y∗i ∈ (Ai(x
∗))ai(x∗);
ii) d(x∗, y∗i ) = d(X,Yi);
iii) supzi∈(Ai(x∗))ai(x∗)
ψi(y
∗, zi) ≤ 0,
where (Aix∗ )ai(x∗) = {z ∈ Yi : Aix∗ (z) ≥ ai(x
∗)}.
If Ai : X → 2Yi is a classical correspondence, then we get the system of quasi-
variational inequalities defined at (1).
We will also work with the next fuzzy model:
(4) Find the pair (x∗, y∗) ∈ X × Y such that for every i ∈ I:
i) y∗i ∈ (Ai(x
∗))ai(x∗);
ii) d(x∗, y∗i ) = d(X,Yi);
iii) supzi∈(Ai(x∗))ai(x∗)
supv∈Gi(y∗i )Re〈v, y
∗
i − zi〉 ≤ 0.
Noor and Elsanousi [15] introduced the notion of a random variational inequality.
We propose the next random system of quasi-variational inequalities which gen-
eralizes the random one studied, for instance, by Yuan in [26].
Let (Ω,F) be a measurable space. For each i ∈ I, let Xi and Yi be non-empty
subsets of a normed linear space E. Define X :=
∏
i∈I
Xi; let Ai : Ω×X → 2Yi .
(5) Find the measurable functions ϕ1 : Ω → X and ϕ2 : Ω → Y such that for
each i ∈ I and for all ω ∈ Ω :
i) pii(ϕ
2(ω)) ∈ Ai(ω, ϕ1(ω));
ii) d(ϕ1(ω), pii(ϕ
2(ω))) = d(X,Yi);
iii) supzi∈Ai(ϕ1(ω)) ψi(ϕ
2(ω), zi) ≤ 0.
4. Main results
The aim of this section is to state theorems concerning the pair equilibrium
existence for free abstract economies with Q-majorized preference correspondences
and to apply them in order to prove the existence of the solutions for the systems
of quasi-variational inequalities introduced in Section 3.
First, we present the model of a free abstract economy introduced by Kim and
Lee [8].
Let I be a nonempty set (the set of agents). For each i ∈ I, let Xi be a
non-empty set of manufacturing commodities, and Yi be a non-empty set of selling
commodities. DefineX :=
∏
i∈I
Xi; let Ai : X → 2Yi be the constraint correspondence
and Pi : Y :=
∏
i∈I
Yi → 2Yi the preference correspondence. We consider that Xi and
Yi are non-empty subsets of a normed linear space E.
Definition 7. A free abstract economy is the family Γ = (Xi, Yi, Ai, Pi)i∈I .
Definition 8. An equilibrium pair for Γ is defined as a pair of points (x∗, y∗) ∈
X × Y such that for each i ∈ I, y∗i ∈ Bi(x
∗) with d(x∗i , y
∗
i ) = d(Xi, Yi) and
Ai(x
∗) ∩ Pi(y∗) = ∅.
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WheneverXi = X for each i ∈ I, for the simplicity, we may assume Ai : X → 2Yi
instead of Ai :
∏
i∈I
Xi → 2Yi for the free abstract economy Γ = (X,Yi, Ai, Pi)i∈I and
equilibrium pair. In particular, when I = {1, 2...n}, we may call Γ a free n-person
game.
The economic interpretation of an equilibrium pair for Γ is based on the re-
quirement that for each i ∈ I, minimize the travelling cost d(xi, yi), and also,
maximize the preference Pi(y) on the constraint set Ai(x). Therefore, it is con-
templated to find a pair of points (x∗, y∗) ∈ X × Y such that for each i ∈ I,
y∗i ∈ Bi(x
∗), Ai(x
∗) ∩ Pi(y∗) = ∅ and ‖ x∗i − y
∗
i ‖= d(Xi, Yi), where d(Xi, Yi) =
inf {‖ x∗i − y
∗
i ‖| xi ∈ Xi, yi ∈ Yi}.
When in addition Xi = Yi for each i ∈ I, then the previous definitions can
be reduced to the standard definitions of equilibrium theory in economics due to
Shafer and Sonnenshein [20] or Yannelis and Prabhakar [24].
In order to prove our main theorems, we need the following results concerning the
Q− majorized correspondences, which generalize the lower semicontinuous ones.
Definition 9. (see [12])Let X be a topological space and Y be a non-empty subset
of a vector space E, θ : X → E a function and T : X → 2Y a correspondence.
1) T is of class Qθ (or Q) if:
a) for each x ∈ X , θ(x) /∈clT (x) and
b) T is lower semicontinuous with open and convex values in Y ;
2) A correspondence Tx : X → 2Y is a Qθ-majorant of T at x, if there exists an
open neighborhood N(x) of x such that:
a) for each z ∈ N(x), T (z) ⊂ Tx(z) and θ(z) /∈clTx(z);
b) Tx is lower semicontinuous with open convex values;
3) T is Qθ-majorized if for each x ∈ X with T (x) 6= ∅, there exists aQθ-majorant
Tx of T at x.
The next property is remarkable for the Q-majorized correspondences. It says
that a Q-majorized correspondence defined on a regular paracompact topological
vector space is a selector of a correspondence of class Qθ defined on the whole space.
Theorem 6. (see [12]) Let X be a regular paracompact topological vector space
and Y be a non-empty subset of a vector space E. Let θ : X → E and T : X →
2Y r {∅} be a Qθ−majorized correspondence. Then, there exists a correspondence
S : X → 2Y of class Qθ such that T (x) ⊂ S(x) for each x ∈ X.
Theorem 7 is an existence theorem of pair equilibrium for a free n person game
with upper semi-continuous constraint correspondences and Qθ-majorized prefer-
ence correspondences.
Theorem 7. Let Γ = (X,Yi, Ai, Pi)i∈I be a free n-person game such that for each
i ∈ I = {1, 2...n}:
(1) X and Yi are non-empty compact and convex subsets of normed linear space
E;
(2) Ai : X → 2Yi is such that Ai is upper semicontinuous in X0, Ai(x) is a
closed convex subset of Yi, Ai(x) ∩ Y 0i 6= ∅ for each x ∈ X
0;
(3) Pi : Y :=
∏
i∈I
Yi → 2Yi is Qpii−majorized ;
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(4) Pi(y) is nonempty for each y ∈ Y ;
Then there exists an equilibrium pair of points (x∗, y∗) ∈ X × Y such that for
each i ∈ I, y∗i ∈ Pi(x
∗) with d(x∗, y∗i ) = d(X,Yi) and Ai(x
∗) ∩ Pi(y∗) = ∅.
Proof. Since Ai satisfies the whole assumption of Theorem 5 for each i ∈ I,
there exists a point x∗ ∈ X satisfying the system of best proximity pairs, i.e.,
for each i ∈ I, {x∗} × Ai(x
∗) ⊆ X × Yi such that d(x
∗, Ai(x
∗)) = d(X,Yi). Let
Ai := {y ∈ Ai(x∗) / d(x∗, y) = d(X,Yi)} the non-empty best proximity set of the
correspondence Ai. The set Ai is nonempty, closed and convex.
Since Pi is Qpii-majorized for each i ∈ I, by Theorem 6, there exists a corre-
spondence ϕi : Y → 2
Yi of class Qpii such that Pi(y) ⊂ ϕi(y) for each y ∈ Y and
for each i ∈ I. Then, ϕi is lower semicontinuous with open, convex values and
pii(y) /∈clϕi(y).
For each i ∈ I define the correspondence
Φi : Y → 2
Yi by
Φi(y) :=
{
ϕi(y), if yi /∈ Ai,
Ai(x
∗) ∩ ϕi(y), if yi ∈ Ai.
By Lemma 1, Φi is lower semicontinuous, has convex values, and pii(y) /∈clΦi(y).
By applying Theorem 4 to (Yi,Φi)i∈I , there exists a maximal element y
∗ ∈ Y such
that Φi (y
∗) = ∅ for each i ∈ I. Since Pi(y) 6= ∅ for each y ∈ Y, Φi(y) is a non-
empty subset of Y for each y ∈ Y with yi /∈ Ai. It follows that y∗i ∈ Ai and
Ai(x
∗) ∩ ϕi(y
∗) = ∅. We have that Ai(x∗) ∩ Pi(y∗) = ∅ because Pi(y∗) ⊂ ϕi(y
∗).
Hence, y∗i ∈ Ai such that d(x
∗, y∗i ) = d(X,Yi) for each i ∈ I and then (x
∗, y∗) is an
equilibrium pair for Γ. 
By using the theorem above, we obtain the following result concerning the exis-
tence of the solutions for the systems of quasi-variational inequalities of type (1),
where the correspondences Ai are upper semi-continuous.
Theorem 8. Let X and Yi be non-empty compact and convex subsets of a normed
linear space E for each i ∈ I = {1, 2, ..., n}. Suppose that for each i ∈ I, the
following conditions are fulfilled:
(1) Ai : X → 2Yi is an upper semicontinuous correspondence such that each
Ai(x) is a non-empty closed and convex subset of Yi and Ai(x) ∩ Y 0i 6= ∅ for each
x ∈ X0;
(2) The function ψi : Y × Yi → R ∪ {−∞,+∞} is such that
(a) for each fixed yi ∈ Yi, ψi(·, yi) is lower semicontinuous such that {z ∈ Yi :
ψi(y, z) > 0} is non-empty for each y ∈ Y ;
(b) yi /∈ {z ∈ Yi : ψi(y, z) > 0} for each fixed y ∈ Y ;
(c) for each y ∈ Y, ψi(y, ·) is concave.
Then, there exists (x∗, y∗) ∈ X × Y such that for every i ∈ I:
i) y∗i ∈ Ai(x
∗);
ii) d(x∗, y∗i ) = d(X,Yi);
iii) supz∗
i
∈Ai(x∗) ψi(y
∗, z∗i ) ≤ 0.
Proof. For every i ∈ I, let Pi : Y → Yi be defined by Pi(y) = {z ∈ Yi : ψi(y, z) >
0} for each y ∈ Y.
We shall show that the free abstract economy G = (X,Yi, Ai, Pi, )i∈I satisfies all
hypotheses of Theorem 7.
According to 2 a), we have that Pi has open lower sections (and then lower
semicontinuous) with nonempty compact values and according to 2 b), yi 6∈ Pi(y)
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for each y ∈ Y. Assumption 2 c) implies that Pi has convex values. Hence, Pi is
Q−majorized.
Thus the free abstract economy G = (X,Yi, Ai, Pi)i∈I satisfies all hypotheses of
Theorem 7. Therefore, there exists (x∗, y∗) ∈ X × Y such that for every i ∈ I :
y∗i ∈ Ai(x
∗); Ai(x
∗) ∩ Pi(y
∗) = φ and d(x∗, y∗i ) = d(X,Yi), that is, there exists
(x∗, y∗) ∈ X × Y such that for every i ∈ I :
i) y∗i ∈ Ai(x
∗);
ii) supz∈Ai(x∗)ψi(y
∗, z) ≤ 0;
iii) d(x∗, y∗i ) = d(X,Yi). 
Now, we are studying the case when the correspondences Ai, i ∈ I are lower
semicontinuous. Firstly, we will prove the existence theorem of the equilibrium
pairs for a free abstract economy and then, we will used it in order to prove a
theorem which states the existence of the solutions of a system of quasi-variational
inequalities of type (1) with lower semicontinuous correspondences Ai, i ∈ I.
Let I be an index set. Suppose that for each i ∈ I, X , Yi are non-empty
compact and convex subsets of normed linear space E and Ai : X → 2
Yi is such
that Ai is lower semicontinuous in X
0 and Ai(x) is a closed convex subset of Yi. By
Theorem 1.1 in Michael [14], for each i ∈ I there exists an upper semicontinuous
correspondence Hi : X → 2Yi with nonempty values such that Hi(x) ⊂ Ai(x) for
all x ∈ X.
Definition 10. We say that Ai has the property * if, in addition, Hi(x) ∩ Y 0i 6= ∅
for each x ∈ X0.
Theorem 9 is an existence theorem of pair equilibrium for a free n person game
with lower semi-continuous constraint correspondences and Qθ-majorized prefer-
ence correspondences.
Theorem 9. Let I = {1, 2, ..., n} and let Γ = (X,Yi, AiPi)i∈I be a free n-person
game such that for each i ∈ I:
(1) X and Yi are non-empty compact and convex subsets of normed linear space
E;
(2) Ai : X → 2Yi is such that Ai is lower semicontinuous in X0, it has the
property * and Ai(x) is a non-empty closed convex subset of Yi;
(3) Pi : Y :=
∏
i∈I
Yi → 2Yi is Qpii−majorized ;
(4) Pi(y) is nonempty for each y ∈ Y ;
Then there exists an equilibrium pair of points (x∗, y∗) ∈ X × Y such that for
each i ∈ I, y∗i ∈ Ai(x
∗) with d(x∗, y∗i ) = d(X,Yi) and Ai(x
∗) ∩ Pi(y∗) = ∅.
Proof. Since Ai has the property *, for each i ∈ I there exists an upper semi-
continuous correspondence Hi : X → 2
Yi with nonempty values such that Hi(x) ⊂
Bi(x) for all x ∈ X and Hi(x) ∩ Y 0i 6= ∅ for each x ∈ X
0. Let Si(x) =clcoHi(x) ⊂
Ai(x). The correspondence Si satisfies the hypotheses of Theorem 5, then we get
a best proximity pair {x∗} × Si(x∗) ⊆ X × Yi for Si, i.e. d(x∗, Si(x∗)) = d(X,Yi).
Let Si := {yi ∈ Si(x∗) / d(x∗, yi) = d(X,Yi)} the non-empty best proximity set of
the correspondence Si. The set Si is nonempty, closed and convex.
Since Pi is Qθ-majorized, by Theorem 6, we have that there exists a correspon-
dence ϕi : Y → 2
Yi of class Qpii such that Pi(y) ⊂ ϕi(y) for each y ∈ Y. Then, ϕi
is lower semicontinuous with open, convex values and pii(y) /∈clϕi(y).
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For each i ∈ I define the correspondence Φi : Y → 2Yi by
Φi(y) :=
{
ϕi(y), if yi /∈ Si,
Ai(x
∗) ∩ ϕi(y), if yi ∈ Si.
By Lemma 1, Φi is lower semicontinuous, it also has convex values and pii(y) /∈clΦi(y).
By applying Theorem 4 to (Yi,Φi)i∈I , there exists a maximal element y
∗ ∈ X such
that Φi(y
∗) = ∅ for all i ∈ I. Since Pi(y) 6= ∅ for each y ∈ Y, Φi(y) is a non-
empty subset of Y for each y ∈ Y with yi /∈ Si. It follows that y∗i ∈ Si and
Ai(x
∗) ∩ ϕi(y
∗) = ∅. We have that Ai(x∗) ∩ Pi(y∗) = ∅ because Pi(y∗) ⊂ ϕi(y
∗).
Hence, y∗i ∈ Si(x
∗) ⊂ Ai(x
∗) such that d(x∗, y∗i ) = d(X,Yi) for each i ∈ I and then
(x∗, y∗) is an equilibrium pair for Γ. 
We are obtaining the following theorem concerning the systems of generalized
quasi-variational inequalities with lower semicontinuos correspondences Ai, i ∈ I.
Theorem 10. Let X and Yi be non-empty compact and convex subsets of a normed
linear space E for each i ∈ I = {1, 2, ..., n}. Assume that for each i ∈ I, the following
conditions are fulfilled:
The correspondence Ai : X → 2Yi is such that
(1) Ai is lower semicontinuous in X
0, it has the property * and Ai(x) is a
non-empty closed convex subset of Yi;
The function ψi : Y × Yi → R ∪ {−∞,+∞} is such that
(2) for each fixed yi ∈ Yi, ψi(·, yi) is lower semicontinuous and {z ∈ Yi :
ψi(y, z) > 0} is non-empty for each y ∈ Y ;
(3) yi /∈ {z ∈ Yi : ψi(y, z) > 0} for each fixed y ∈ Y ;
(4) for each y ∈ Y, ψi(y, ·) is concave.
Then, there exists (x∗, y∗) ∈ X × Y such that for every i ∈ I:
i) y∗i ∈ Ai(x
∗);
ii) d(x∗, y∗i ) = d(X,Yi);
iii) supzi∈Ai(x∗) ψi(y
∗, zi) ≤ 0.
Proof. For every i ∈ I, let Pi : Y → Yi be defined by Pi(y) = {z ∈ Yi : ψi(y, z) >
0} for each y ∈ Y.
We shall show that the free abstract economy G = (X,Yi, Ai, Pi, )i∈I satisfies all
hypotheses of Theorem 9.
According to 2), we have that Pi is lower semicontinuous with nonempty compact
values and according to 3), yi 6∈ Pi(y) for each y ∈ Y. Assumption 4) implies that
Pi has convex values. Then, Pi is Q-majorized.
Thus the free abstract economy G = (X,Yi, Ai, Pi)i∈I satisfies all hypotheses of
Theorem 9. Therefore, there exists (x∗, y∗) ∈ X × Y such that for every i ∈ I :
y∗i ∈ Ai(x
∗); Ai(x
∗) ∩ Pi(y∗) = φ and d(x∗, y∗i ) = d(X,Yi), that is, there exists
(x∗, y∗) ∈ X × Y such that for every i ∈ I :
i) y∗i ∈ Ai(x
∗);
ii) supz∈Ai(x∗)ψi(y
∗, z) ≤ 0;
iii) d(x∗, y∗i ) = d(X,Yi). 
Theorem 11 can be easily proved by using Theorem 10. It refers to the existence
of the solutions for a system of quasi-variational inequalities of type (2).
Theorem 11. Let X and Yi be non-empty compact and convex subsets of a normed
linear space E for each i ∈ I = {1, 2, ..., n}. Assume that for each i ∈ I, the following
conditions are fulfilled:
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(1) The correspondence Ai : X → 2Yi is such that Ai is lower semicontinuous
in X0, it has the property * and Ai(x) is a non-empty closed convex subset of Yi;
(2) Gi : Yi → Y ′ is monotone with non-empty values and Gi : L ∩ Yi → 2E
′
is lower semicontinuous from the relative topology of Y into the weak∗−topology
σ(E′, E) of E′ for each one-dimensional flat L ⊂ E.
Then, there exists (x∗, y∗) ∈ X × Y such that for every i ∈ I:
i) y∗i ∈ Ai(x
∗);
ii) d(x∗, y∗i ) = d(X,Yi);
iii) supu∈Gi(y∗i )Re〈u, y
∗
i − z〉] ≤ 0 for all z ∈ Ai(x
∗).
Proof. Let us define ψi : Y × Yi → R ∪ {−∞,+∞} by
ψi(y, z) = supu∈Gi(z)Re〈u, yi − z〉 for each (y, z) ∈ Y × Yi.
We have that yi /∈ {z ∈ Yi : ψi(y, z) > 0} for each fixed y ∈ Y and, as a
consequence of assumption 2), it follows that for each y ∈ Y, ψi(y, ·) is concave.
All the hypotheses of Theorem 10 are satisfied. According to Theorem 10, there
exists (x∗, y∗) ∈ X × Y such that y∗i ∈ Ai(x
∗), d(x∗, y∗i ) = d(X,Yi) for every i ∈ I
and
(a) supz∈Ai(x∗) supu∈Gi(z)Re〈u, y
∗
i − z〉 ≤ 0 for every i ∈ I.
Finally, we will prove that
supz∈Ai(x∗) supu∈Gi(y∗i )Re〈u, y
∗
i − z〉 ≤ 0 for every i ∈ I.
In order to do that, let us consider i ∈ I.
Let y ∈ Ai(x∗), λ ∈ [0, 1] and ziλ := λz+ (1−λ)y
∗
i . According to assumption 1),
ziλ ∈ Ai(x
∗).
According to (a), we have supu∈Gi(ziλ)Re〈u, y
∗
i − z
i
λ〉 ≤ 0 for each λ ∈ [0, 1].
For each λ ∈ [0, 1], we have that
t{supu∈Gi(ziλ)Re〈u, y
∗
i − z〉} = supu∈Gi(ziλ) tRe〈u, y
∗
i − z)〉 =
= supu∈Gi(ziλ)Re〈u, y
∗
i − z
i
λ〉 ≤ 0.
It follows that for each λ ∈ [0, 1],
(b) supu∈Gi(ziλ)Re〈u, y
∗
i − z〉 ≤ 0.
Now, we are using the lower semicontinuity of Gi : L ∩ Yi → 2Y
′
in order
to show the conclusion. For each v0 ∈ Gi(y∗i ) and e > 0 let us consider U
i
v0
,
the neighborhood of v0 in the topology σ(Y
′, Y ), defined by U iv0 := {v ∈ Y
′ :
|Re〈v0− v, y∗i − z〉| < e}. As Gi : L∩ Yi → 2
Y ′ is lower semicontinuous, where L =
{ziλ : λ ∈ [0, 1]} and U
i
v0
∩Gi(y∗i ) 6= ∅, there exists a non-empty neighborhoodN(y
∗
i )
of y∗i in L such that for each zi ∈ N(y
∗
i ), we have that U
i
v0
∩Gi(zi) 6= ∅. Then there
exists δ ∈ (0, 1], t ∈ (0, δ) and u ∈ Gi(ziλ)∩U
i
v0
6= ∅ such that Re〈v0−u, y∗i −z〉 < e.
Therefore, Re〈v0, y∗i − z〉 < Re〈u, y
∗
i − z〉+ e.
It follows that Re〈v0, y∗i − z〉 < Re〈u, y
∗
i − z〉+ e < e.
The last inequality comes from (b). Since e > 0 and v0 ∈ Gi(y∗i ) have been
chosen arbitrarily, the next relation holds:
Re〈v0, y
∗
i − z〉 < 0.
Hence, for each i ∈ I, we have that supu∈Gi(y∗i )Re〈u, y
∗
i − z〉 ≤ 0 for every
z ∈ Ai(x∗).
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5. A fuzzy approach to the systems of generalized quasi-variational
inequalities
5.1. The free abstract fuzzy economy model. In this section we extend the
results stated in Section 4 in a fuzzy framework. Firstly, we present the free abstract
fuzzy economy model and the notion of fuzzy equilibrium pair. In the second
subsection we will present the Q’-correspondences and we will prove a theorem of
existence of a fuzzy equilibrium pair for a free abstract economy with Q’-majorized
preference correspondences. We will apply that result to the systems of quasi-
variational inequalities.
We introduced the following model of an abstract fuzzy economy in [17].
Let I be a nonempty set (the set of agents). For each i ∈ I, let Xi be a non-
empty set of manufacturing commodities, and Yi be a non-empty set of selling
commodities. Define X :=
∏
i∈I
Xi; let Ai, Bi : X → F(Yi) be the fuzzy constraint
correspondences, Pi : Y :=
∏
i∈I
Yi → F(Yi) the fuzzy preference correspondence,
ai, bi : X → (0, 1] fuzzy constraint functions and pi : Y → (0, 1] fuzzy preference
function. We consider that Xi and Yi are non-empty subsets of a normed linear
space E.
Definition 11. A free abstract fuzzy economy is defined as an ordered family Γ =
(Xi, Yi, Ai, Pi, ai, pi)i∈I .
Definition 12. A fuzzy equilibrium pair for Γ is defined as a pair of points (x∗, y∗) ∈
X × Y such that for each i ∈ I, y∗i ∈ (Aix∗ )ai(x∗) with d(x
∗
i , y
∗
i ) = d(Xi, Yi) and
(Aix∗ )ai(x∗)∩ (Pix∗ )pi(x∗) = ∅, where (Aix∗ )ai(x∗) = {z ∈ Yi : Aix∗ (z) ≥ ai(x
∗)} and
(Pix∗ )pi(x∗) = {z ∈ Yi : Pix∗ (z) ≥ pi(x
∗)}.
If Ai, Pi : X → 2Yi are classical correspondences, then we get the definition of
free abstract economy and equilibrium pair defined by W.K. Kim and K. H. Lee in
[8].
Whenever Xi = X for each i ∈ I, for the simplicity, we may assume Ai : X →
F(Yi) instead of Ai :
∏
i∈I
Xi → F(Yi) for the free abstract fuzzy economy Γ =
(X,Yi, Ai, Pi, ai, pi)i∈I and equilibrium pair. In particular, when I = {1, 2, ..., n},
we may call Γ a free n-person fuzzy game.
The economic interpretation of an equilibrium pair for Γ is based on the re-
quirement that for each i ∈ I, minimize the travelling cost d(xi, yi), and also,
maximize the preference Piy on the constraint set Aiy . Therefore, it is contem-
plated to find a pair of points (x∗, y∗) ∈ X × Y such that for each i ∈ I, y∗i ∈
(Aix∗ )ai(x∗), (Aix∗ )ai(x∗) ∩ (Pix∗ )pi(x∗) = ∅ and ‖ x
∗
i − y
∗
i ‖= d(Xi, Yi), where
d(Xi, Yi) = inf {‖ x∗i − y
∗
i ‖| xi ∈ Xi, yi ∈ Yi}.
When in addition Xi = Yi and Ai, Pi : X → 2Yi are classical correspondences for
each i ∈ I, then the previous definitions can be reduced to the standard definitions
of equilibrium theory in economics due to Yannelis and Prabhakar [24].
5.2. Fuzzy equilibrium existence and applications to the systems of gen-
eralized quasi-variational inequalities. In order to prove the theorems in this
subsection, we will use the following results concerning Q′−majorized correspon-
dences we introduced in [16].
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Definition 13. (see [16] Let X be a topological space and Y be a non-empty subset
of a vector space E, θ : X → E be a mapping and T : X → 2Y be a correspondence.
(1) T is said to be of class Q
′
θ (or Q
′
) if
(a) for each x ∈ X , θ(x) /∈ T (x) and
(b) T is lower semicontinuous with open and convex values in Y ;
(2) A correspondence Tx : X → 2Y is said to be a Q
′
θ-majorant of T at x if
there exists an open neighborhood N(x) of x such that
(a) For each z ∈ N(x), T (z) ⊂ Tx(z) and θ(z) /∈ Tx(z)
(b) Tx is l.s.c. with open and convex values;
(3) T is said to be Q
′
θ-majorized if for each x ∈ X with T (x) 6= ∅ there exists a
Q
′
θ-majorant Tx of T at x.
The following Lemma concerning Q′-majorized correspondences in needed.
Theorem 12. (see [16] Let X be a paracompact topological space and Y be a non-
empty subset of a vector space E. Let θ : X → E be a function and T : X → 2Y \{∅}
be a Q
′
-majorized correspondence. Then, there exists a correspondence S : X → 2Y
of class Q
′
such that T (x) ⊂ S(x) for each x ∈ X .
Theorem 13 is an existence theorem of pair equilibrium for a free n person fuzzy
game with upper semi-continuous constraint correspondences and Q′θ-majorized
preference correspondences.
Theorem 13. Let Γ = (X,Yi, Ai, Bi, Pi, ai, bi, pi)i∈I be a free n-person fuzzy game
such that for each i ∈ I = {1, 2...n}:
(1) X and Yi are non-empty compact and convex subsets of normed linear space
E;
(2) Ai : X → F(Yi) is such that x→ (Aix)ai(x) : X → 2
Yi is upper semicontin-
uous in X0, (Aix)ai(x) is a non-empty closed convex subset of Yi and (Aix)ai(x) ∩
Y 0i 6= ∅ for each x ∈ X
0;
(3) Pi : Y :=
∏
i∈I
Yi → F(Yi) is such that y → (Piy )pi(y) : Y → 2
Yi is
Q′pii−majorized ;
(4) (Piy )pi(y) is nonempty for each y ∈ Y ;
Then there exists a fuzzy equilibrium pair of points (x∗, y∗) ∈ X × Y such that
for each i ∈ I, y∗i ∈ (Aix∗ )ai(x∗) with d(x
∗
i , y
∗
i ) = d(Xi, Yi) and (Aix∗ )ai(x∗) ∩
(Piy∗ )pi(y∗) = ∅.
Proof. Since x → (Aix )ai(x) satisfies the whole assumption of Theorem 5 for
each i ∈ I, there exists a point x∗ ∈ X satisfying the system of best proximity
pairs, i.e. {x∗} × (Aix∗ )bi(x∗) ⊆ X × Yi such that d(x
∗, (Aix∗ )ai(x∗)) = d(X,Yi) for
each i ∈ I. Let Ai :=
{
yi ∈ (Aix∗ )ai(x∗) / d(x
∗, yi) = d(X,Yi)
}
the non-empty best
proximity set of the correspondence x→ (Aix)ai(x). The set Ai is nonempty, closed
and convex.
Since y → (Piy )pi(y) is Q
′
pii
-majorized for each i ∈ I, according to Theorem 12,
we have that there exists a correspondence ϕi : Y → 2
Yi of class Q′pii such that
(Piy )pi(y) ⊂ ϕi(y) for each y ∈ Y. Then, ϕi is lower semicontinuous with open,
convex values and pii(y) /∈ ϕi(y) for each y ∈ Y.
For each i ∈ I define a correspondence
Φi : Y → 2
Yi by
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Φi(y) :=
{
ϕi(y), if yi /∈ Ai,
(Aix∗ )ai(x∗) ∩ ϕi(y), if yi ∈ Ai.
According to Lemma 1, Φi is lower semicontinuous, has convex values, and
pii(y) /∈ Φi(y). By applying Theorem 3 to (Yi,Φi)i∈I , there exists a maximal el-
ement y∗ ∈ Y such that Φi (y
∗) = ∅ for each i ∈ I. For each y ∈ Y with
yi /∈ Ai, Φi(y) is a non-empty subset of Yi because (Piy )pi(y) 6= ∅. We have
that y∗i ∈ Ai and (Aix∗ )ai(x∗) ∩ ϕi(y
∗) = ∅. Since (Piy∗ )pi(y∗) ⊂ ϕi(y
∗), it fol-
lows that (Aix∗ )ai(x∗) ∩ (Piy∗ )pi(y∗) = ∅. Hence, y
∗
i ∈ Ai, i.e. y
∗
i ∈ (Aix∗ )ai(x∗) and
d(x∗, y∗i ) = d(X,Yi) for each i ∈ I. Then (x
∗, y∗) is a fuzzy equilibrium pair for Γ.

As a consequence of the above theorem, we obtain the next theorem. The systems
of quasi-variational inequalities of type (3) are studied.
Theorem 14. Let X and Yi be non-empty compact and convex subsets of a normed
linear space E for each i ∈ I = {1, 2, ..., n}. Assume that for each i ∈ I, the following
conditions are fulfilled:
(1) Ai : X → F(Yi) is such that x→ (Aix)ai(x) : X → 2
Yi is upper semicontinu-
ous in X0, (Aix )ai(x) is a non-empty closed convex subset of Yi, (Aix)ai(x)∩Y
0
i 6= ∅
for each x ∈ X0;
The function ψi : Y × Yi → R ∪ {−∞,+∞} is such that
(2) for each fixed yi ∈ Yi, ψi(·, yi) is lower semicontinuous such that {z ∈ Yi :
ψi(y, z) > 0} is non-empty for each y ∈ Y ;
(3) yi /∈ {z ∈ Yi : ψi(y, z) > 0} for each fixed y ∈ Y ;
(4) for each y ∈ Y, ψi(y, ·) is concave.
Then, there exists (x∗, y∗) ∈ X × Y such that for every i ∈ I,
i) y∗i ∈ (Ai(x
∗))ai(x∗);
ii)d(x∗, y∗i ) = d(X,Yi);
iii) supz∗
i
∈(Ai(x∗))ai(x∗)
ψi(y
∗, z∗i ) ≤ 0.
Proof. For every i ∈ I, let Pi : Y → F(Yi) such that (Pi(y))pi(y) = {z ∈ Yi :
ψi(y, z) > 0} for each y ∈ Y.
We shall show that the free abstract economy G = (X,Yi, Ai, Pi, ai, pi)i∈I satis-
fies all hypotheses of Theorem 13.
According to 2), we have that y → (Pi(y))pi(y) has open lower sections, hence,
it is lower semicontinuous with nonempty compact values and according to 3),
yi 6∈ (Pi(y))pi(y) for each y ∈ Y. Assumption 4) implies that y → (Pi(y))pi(y) has
convex values. Then, y → (Pi(y))pi(y) is Q’-majorozed.
Thus the free abstract economy G = (X,Yi, Ai, Pi, ai, pi)i∈I satisfies all hypothe-
ses of Theorem 13. Therefore, there exists (x∗, y∗) ∈ X × Y such that for every
i ∈ I :
y∗i ∈ (Ai(x
∗))ai(x∗); (Ai(x
∗))ai(x∗) ∩ (Pi(y
∗))pi(y∗) = φ and d(x
∗, y∗i ) = d(X,Yi).
that is, there exists (x∗, y∗) ∈ X × Y such that for every i ∈ I :
i) y∗i ∈ (Ai(x
∗))ai(x∗);
ii) supz∈(Ai(x∗))ai(x∗)ψi(y
∗, z) ≤ 0;
iii) d(x∗, y∗i ) = d(X,Yi). 
6. Systems of random quasi-variational inequalities
In this section we will study the systems of random quasi-variational inequalities.
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In order to prove the existence theorem of random equilibrium pairs for a random
free abstract economy, we need the following result.
Theorem 15. (Leese [10], Corollary, pag 408-409). Let (Ω,F) be a measurable
space, F a Suslin family and X a Suslin space. Suppose that A : Ω→ 2X has non-
empty values such that GrA ∈ F ⊗ B(X). Then, there exists a sequence {gn}
∞
n=1 of
measurable selections of A such that for each ω ∈ Ω, {gn(ω) : n ∈ N} is dense in
A(ω).
We introduce the model of the random free abstract economy and we define the
random equilibrium pair.
Let (Ω,F) be a measurable space, let I be an index set. For each i ∈ I, let
Xi be a non-empty set of manufacturing commodities, and Yi be a non-empty set
of selling commodities. Define X :=
∏
i∈I
Xi; let Ai : Ω ×X → 2Yi be the random
constraint correspondence and Pi : Ω×Y := Ω×
∏
i∈I
Yi → 2Yi the random preference
correspondence. We consider that Xi and Yi are non-empty subsets of a normed
linear space E.
Definition 14. A free abstract economy is the family Γ = ((Ω,F), X, Yi, Ai, Pi)i∈I .
Definition 15. A random equilibrium pair for Γ is defined as a pair of measurable
functions ϕ1 : Ω → X and ϕ2 : Ω → Y such that for each i ∈ I, pii(ϕ2) ∈
Ai(ω, ϕ
1(ω)) with d(ϕ1(ω), pii(ϕ
2(ω))) = d(X,Yi) and Ai(ϕ
1(ω)) ∩ Pi(ϕ2(ω)) = ∅
for all ω ∈ Ω.
Now, we are proving the existence of the random equilibrium for a random free
abstract economy.
Theorem 16. Let Γ = {(Ω,F), X, Yi, Ai, Pi)i∈I} be a free n-person game such that
for each i ∈ I = {1, 2, ..., n}:
(1) X and Yi are non-empty compact and convex subsets of normed linear space
E;
(2) Mi = {(ω, x, y) : Ai(ω, x)∩Pi(ω, y) 6= ∅} ∈ F⊗B(X)⊗B(Y ), N = {(ω, x, y) :
d(x(ω), yi(ω)) = d(X,Yi) for each i ∈ I} ∈ F⊗B(X)⊗B(Y ), GrclAi ∈ F⊗B(X ×
Yi);
(3) For each ω ∈ Ω, Ai(ω, ·) : X → 2Yi is such that Ai(ω, ·) is upper semicon-
tinuous in X0, Ai(ω, x) is a closed convex subset of Yi and Ai(ω, x) ∩ Y 0i 6= ∅ for
each x ∈ X0;
(4) For each ω ∈ Ω, Pi(ω, ·) : Y :=
∏
i∈I
Yi → 2Yi is Qpii−majorized ;
(5) Pi(ω, y) is nonempty for each (ω, y) ∈ Ω× Y .
Then, there exists the measurable functions ϕ1 : Ω → X and ϕ2 : Ω → Y such
that for each i ∈ I, pii(ϕ2) ∈ Ai(ω, ϕ1(ω)) with d(ϕ1(ω), pii(ϕ2(ω))) = d(X,Yi) and
Ai(ϕ
1(ω)) ∩ Pi(ϕ
2(ω)) = ∅ for all ω ∈ Ω.
Proof. For each i ∈ I, define φi : Ω → 2
X×Y by φi(ω) = {(x, y) ∈ X × Y :
Ai(x) ∩ Pi(y) = ∅, yi ∈ Ai(x) and d(x, yi) = d(X,Yi)} for each ω ∈ Ω.
We also define φ : Ω→ 2X×Y by φ(ω) = ∩i∈Iφi(ω) for each ω ∈ Ω.
Then, by Theorem 7, φ(ω) 6= ∅.
Grφ = ((Ω×X × Y \(∪i∈IMi))∩Gr
∏
i∈IclAi ∩N ∈ F ⊗ B(X)⊗ B(Y ).
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It follows that φ satisfies all the conditions of Theorem 14. By Theorem 14, there
exists a measurable selection ϕ′ : Ω→ X × Y of φ. Then, there exists ϕ1 : Ω→ X
and ϕ2 : Ω→ Y such that ϕ′(ω) = (ϕ1(ω), ϕ2(ω)) for all ω ∈ Ω.
We claim that ϕ1 and ϕ2 are measurable. Let D be a closed subset of X. Then,
D × Y is a closed subset of X × Y. As (ϕ1)−1(D) = {ω ∈ Ω : ϕ1(ω) ∈ D} = {ω ∈
Ω : ϕ(ω) ∈ D×Y } ∈ F , it follows that ϕ1 is also measurable. We can prove, in the
same way, that ϕ2 is measurable.
Moreover, we have for each i ∈ I, pii(ϕ2) ∈ Ai(ω, ϕ1(ω)) with d(ϕ1(ω), pii(ϕ2(ω))) =
d(X,Yi) and Ai(ϕ
1(ω)) ∩ Pi(ϕ1(ω)) = ∅ for all ω ∈ Ω. 
As an application of Theorem 16, we state the following result concerning the
systems of random generalized quasi-variational inequalities.
Theorem 17. Let X and Yi be non-empty compact and convex subsets of a normed
linear space E for each i ∈ I = {1, 2, ..., n}. Assume that for each i ∈ I, the following
conditions are fulfilled:
(1) Mi = {(ω, x, y) : Ai(ω, x) ∩ {z ∈ Yi : ψi(ω, y, z) > 0} 6= ∅} ∈ F ⊗ B(X) ⊗
B(Y ), N = {(ω, x, y) : d(x(ω), yi(ω)) = d(X,Yi) for each i ∈ I} ∈ F ⊗ B(X) ⊗
B(Y ), GrclAi ∈ F ⊗B(X × Yi);
(2) For each ω ∈ Ω, Ai(ω, ·) : X → 2Yi is such that Ai(ω, ·) is upper semicon-
tinuous in X0, Ai(ω, x) is a closed convex subset of Yi and Ai(ω, x) ∩ Y 0i 6= ∅ for
each x ∈ X0;
(3) The function ψi : Ω× Y × Yi → R ∪ {−∞,+∞} is such that
(a) For each ω ∈ Ω and for each fixed yi ∈ Yi, ψi(ω, ·, yi) is lower semi-
continuous such that {z ∈ Yi : ψi(ω, y, z) > 0} is non-empty for each ω ∈ Ω and
y ∈ Y ;
(b) yi /∈ {z ∈ Yi : ψi(ω, y, z) > 0} for each ω ∈ Ω and for each fixed y ∈ Y ;
(c) for each ω ∈ Ω and for each y ∈ Y, ψi(ω, y, ·) is concave.
Then, there exists the measurable functions ϕ1 : Ω → X and ϕ2 : Ω → Y such
that for each i ∈ I, pii(ϕ2) ∈ Ai(ω, ϕ1(ω)) with d(ϕ1(ω), pii(ϕ2(ω))) = d(X,Yi) and
supzi∈Ai(ϕ1(ω)) ψi(ϕ
2(ω), zi) ≤ 0 for all ω ∈ Ω.
Proof. Let us fix ω ∈ Ω.
For every i ∈ I, let Pi : Y → Yi be defined by Pi(ω, y) = {z ∈ Yi : ψi(ω, y, z) > 0}
for each y ∈ Y.
We shall show that the free abstract economy G = {(Ω,F), X, Yi, Ai, Pi)i∈I}
satisfies all hypotheses of Theorem 15.
According to 3 a), we have that Pi(ω, ·) is lower semicontinuous and then, Q-
majorized with nonempty compact values and according to 3 b), yi 6∈ Pi(ω, y) for
each y ∈ Y. Assumption 3 c) implies that Pi(ω, ·) has convex values.
Thus the free abstract economy G = {(Ω,F), X, Yi, Ai, Pi)i∈I} satisfies all hy-
potheses of Theorem 15. Therefore, there exists the measurable functions ϕ1 :
Ω → X and ϕ2 : Ω → Y such that for each i ∈ I, pii(ϕ2) ∈ Ai(ω, ϕ1(ω)) with
d(ϕ1(ω), pii(ϕ
2(ω))) = d(X,Yi) and Ai(ϕ
1(ω)) ∩ Pi(ϕ2(ω)) = ∅ for all ω ∈ Ω, that
is, there exists the measurable functions ϕ1 : Ω → X and ϕ2 : Ω → Y such that
for each i ∈ I, pii(ϕ2) ∈ Ai(ω, ϕ1(ω)) with d(ϕ1(ω), pii(ϕ2(ω))) = d(X,Yi) and
supzi∈Ai(ϕ1(ω)) ψi(ϕ
2(ω), zi) ≤ 0 for all ω ∈ Ω. 
If |I| = 1, we obtain the following corollary.
Corollary 1. Let X and Y be non-empty compact and convex subsets of a normed
linear space E and assume that the following conditions are fulfilled:
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(1) M = {(ω, x, y) : A(ω, x)∩{z ∈ Y : ψ(ω, y, z) > 0} 6= ∅} ∈ F ⊗B(X)⊗B(Y ),
N = {(ω, x, y) : d(x(ω), y(ω)) = d(X,Y )} ∈ F ⊗B(X)⊗B(Y ), GrclA ∈ F ⊗B(X×
Y );
(2) For each ω ∈ Ω, A(ω, ·) : X → 2Y is such that A(ω, ·) is upper semicontin-
uous in X0, A(ω, x) is a closed convex subset of Y and A(ω, x) ∩ Y 0 6= ∅ for each
x ∈ X0;
(3) The function ψ : Ω× Y × Y → R ∪ {−∞,+∞} is such that
(a) For each ω ∈ Ω and for each fixed y ∈ Y, ψ(ω, ·, y) is lower semicontinuous
such that {z ∈ Y : ψ(ω, y, z) > 0} is non-empty for each ω ∈ Ω and y ∈ Y ;
(b) y /∈ {z ∈ Y : ψ(ω, y, z) > 0} for each ω ∈ Ω and for each fixed y ∈ Y ;
(c) for each ω ∈ Ω and for each y ∈ Y, ψ(ω, y, ·) is concave.
Then, there exists the measurable functions ϕ1 : Ω → X and ϕ2 : Ω → Y such
that: pi(ϕ2) ∈ A(ω, ϕ1(ω)) with d(ϕ1(ω), pi(ϕ2(ω))) = d(X,Y ) and supz∈A(ϕ1(ω)) ψ(ϕ
2(ω), z) ≤
0 for all ω ∈ Ω.
If ψi = 0 in Theorem 17, we obtain the following random fixed point theorem.
Theorem 18. Let X and Yi be non-empty compact and convex subsets of a normed
linear space E for each i ∈ I = {1, 2, ..., n}. Assume that for each i ∈ I, the following
conditions are fulfilled:
(1) N = {(ω, x, y) : d(x(ω), yi(ω)) = d(X,Yi) for each i ∈ I} ∈ F⊗B(X)⊗B(Y ),
GrclAi ∈ F ⊗B(X × Yi);
(2) For each ω ∈ Ω, Ai(ω, ·) : X → 2Yi is such that Ai(ω, ·) is upper semicon-
tinuous in X0, Ai(ω, x) is a closed convex subset of Yi and Ai(ω, x) ∩ Y 0i 6= ∅ for
each x ∈ X0.
Then, there exists the measurable functions ϕ1 : Ω → X and ϕ2 : Ω → Y such
that for each i ∈ I, pii(ϕ2) ∈ Ai(ω, ϕ1(ω)) with d(ϕ1(ω), pii(ϕ2(ω))) = d(X,Yi).
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